1. Introduction. The derivation of a complete set of general relations ( § §5-9, 10) between the polynomials of Bernoulli, Euler, Genocchi, and Lucas, is reduced by the symbolic method ( § §3, 4) to elementary algebraical operations (addition, multiplication, resolution into partial fractions) on four rational functions of the form N(t)/D(t), where N, D are polynomials of degree g 2 in /. In §9 it is shown that the relations imply a complete set of relations between the Bernoulli and allied numbers. The second of the transformations in §10, by specifying h, gives relations between the polynomials (or associated numbers) when their ranks are in arithmetical progression with any positive common difference.
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2. Notation. The even-suffix notation is used for the numbers 73, E, G, R of Bernoulli, Euler, Genocchi, and Lucas: G, = 2(1 -2')B" Rs = (1 -2*-1)7i8 (s > 0); the £, G are integers. Let x denote a complex variable. The above numbers have the following symbolic generators, in which the expansions of the exponentials converge absolutely for some \ x\ 9±0:
Let u be a complex variable and a the umbra of the sequence an (n = 0, 1, 2, • • ■ )• The Appell polynomial of degree »in« with the base a is The generators are absolutely convergent for |*|, \u\ properly restricted and 5^0. Let f(h) denote either a polynomial in the complex variable h or, if absolutely convergent for some hp^O, a power series in h. The results of substituting z for h in the successive derivativesf'(h), f"(h), ■ ■ ■ off(h) with respect to h will be written /'(z), /"(z), ■ • • . This applies in particular if z contains umbrae.
All of the foregoing notation will be used without further reference. 3. Order of relations; reductions. The umbrae a, a are said to be distinct if and only if a"5=o-" for some integer n^O. Let h, a, ■ ■ ■ , s be ordinaries (complex numbers) and a, ■ ■ ■ , a umbrae. Symbolically, (ha)n means hnctn.
A linear expression of the form h+aa+ ■ ■ • +s<r is said to be of order p (in the umbrae) if precisely p umbrae a, ■ ■ ■ , <r occur in it. The order of a relation involving functions of the form f(h 4-aa 4-• • • +s<r) is by definition the highest order of any expression occurring as an argument of / in the relation.
To find relations of order p in ß(u), ??(«), y(w), p(u) we multiply together precisely p of their generators (if p >4, at least one generator will occur to a power > 1). The product of generators, considered as a function of t, isHhen separated into partial fractions, from which it is easy to exhibit the product as a linear homogeneous function of the generators in the product, with coefficients of the form H(x, w, i), where H is a rational function. From the result we can write down a relation involving a finite number of functions / and their derivatives /', /", ■ ■ • in which the argument of one function is of order p and the arguments of the rest are of order 1. One example of the simple process of reduction by which the results stated later were obtained will suffice.
To reduce PQ to a linear homogeneous function of P, Q we have These also follow easily from (l)-(4). 8. Relations with repeated umbrae. In an expression involving a+a 4-• • ■ +a, where the umbra a is repeated precisely n times, the a's are replaced by a', a", ■ ■ ■ respectively until after all exponents have been lowered to suffixes, when all accents are dropped, thus a'* = a"*= ■ ■ ■ =«,; the expression a+ct+ ■ ■ • +a (n a's) will be written a(n>. As before, /(n) denotes the wth derivative of / (as in §2). We have xnW = (t -l)"Pn; hence 
